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A simple way to investigate theoretically the Raman spectra (RS) of nonpolar nanoparticles is
proposed. For this aim we substitute the original lattice optical phonon eigenproblem by the contin-
uous Klein-Fock-Gordon-like equation with Dirichlet boundary conditions. This approach provides
the basis for the continuous description of optical phonons in the same manner how the elasticity
theory describes the longwavelength acoustic phonons. Together with continuous reformulation of
the bond polarization model it allows to calculate the RS of nanoparticles without referring to their
atomistic structure. It ensures the powerful tool for interpreting the experimental data, studying the
effects of particle shape and their size distribution. We successfully fit recent experimental data on
very small diamond and silicon particles, for which the commonly used phonon confinement model
fails. The predictions of our theory are compared with recent results obtained within the dynam-
ical matrix method - bond polarization model (DMM-BPM) approach and an excellent agreement
between them is found. The advantages of the present theory are its simplicity and the rapidity of
calculations. We analyze how the RS are affected by the nanoparticle faceting and propose a simple
power law for Raman peak position dependence on the facets number. The method of powder RS
calculations is formulated and the limitations on the accuracy of our analysis are discussed.
I. INTRODUCTION
Nowadays, nanoparticle research is one of the most
rapidly developing areas in condensed matter physics.
Small particles are highly desired objects for material
science1, chemistry2, biology and medicine3,4, quan-
tum computing5,6, photonics7, etc. The nanoparti-
cles are manufactured in both ordered (photonic crys-
tals and quantum dot massives) and random (pow-
ders and water suspensions) arrays, the latter require
specific experimental techniques for their characteriza-
tion. These techniques include X-Ray diffraction, atomic
force microscopy, transmission electron microscopy, dy-
namic light scattering, Raman spectroscopy, etc. Among
them, the optical nondestructive method of Raman spec-
troscopy plays very important role providing the informa-
tion about nanoparticle size and phase composition.
While in bulk materials only the optical phonons from
the Brillouin zone center contribute to the main Ra-
man peak, in nanocrystallites (e.g., diamond, Si, Ge,
and GaAs) this peak is shifted to lower frequencies by
several or even several dozens of reciprocal centimeters
due to size quantization effect. Moreover, the peak be-
comes asymmetrically broadened. These phenomena can
be used for nanoparticle characterization.
In order to quantify these effects and to connect the
peak position with nanoparticle size the phonon con-
finement model (PCM) is widely used8,9. This simple
semiphenomenological model accounts for the finite size
effects via the one-parametric Gaussian envelope function
for the optical phonon amplitude within the nanoparticle.
However, a deeper analysis of the PCM reveals a series
of essential problems10,11. Numerous attempts to mod-
ify the PCM did not resolve these problems but instead
introduced more adjustable parameters12–15.
Very recently, it was formulated16 an alternative ap-
proach based on the combined use of dynamical ma-
trix method and bond polarization model (DMM-BPM).
In our opinion, this theory is based on more physi-
cal grounds than the PCM. Contrary to the latter, the
DMM-BPM approach allows to interpret recent exper-
imental data on nanodiamond powders very success-
fully17–19. The disadvantage of the DMM-BPM is that
one of its constituents, the dynamical matrix method, re-
quires diagonalization of huge 3N × 3N matrices, where
N is the number of atoms in the crystallite. Although
this general numerical method inspires the quickly solv-
able analytical version, the latter misses some informa-
tion about nanoparticle shape.
In the present paper we develope another approach
to the Raman spectra (RS) analysis. The difficulty of
description of optical phonons is that the corresponding
equations of motion do not possess straightforward con-
tinuous reformulation even in the bulk, unlike acoustic
phonons20,21. Our basic idea is to substitute the origi-
nal atomistic optical phonon eigenproblem by an effec-
tive continuous media problem that has the spectrum
coinciding with the spectrum of optical phonons in the
longwavelength limit. It is performed in the same man-
ner as the elasticity theory substitutes the ball-spring
picture for acoustic vibrations. De facto, we formulate
the effective (isotropic and scalar) continuous theory for
optical phonons similar to the elasticity theory for acous-
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2tic waves. We solve this problem (with proper boundary
conditions) for finite size samples. This gives the possi-
bility to calculate the RS and to compare them with the
RS of original optical phonons (both experimental and
theoretical).
We also apply the above theory in order to investigate
the influence of shape of nanocrystallites on their Raman
spectra. Studying the particle shape dependence of the
main Raman peak we observe that the lack of knowledge
concerning the shape leads to the uncertainty in size.
Finally, we formulate the method how to incorporate
into our calculations the size distribution function on
the most economical manner, when dealing with powder
spectra.
Technically, we start from proper model for a crystal
with diamond-type lattice namely from the linear chain
with two atoms with equal masses and different spring
rigidities in the unit cell22. We formulate two sepa-
rate continuous equations for acoustic and optical modes
valid in the longwavelength limit. The optical mode
is effectively described by the Klein-Fock-Gordon equa-
tion in the Euclidean space (EKFG). Analysis of a finite
chain reveals the Dirichlet boundary conditions for our
boundary value problem. Extending the treatment onto
three dimensional case, we solve this eigenproblem ana-
lytically for simplest particle shapes (sphere and cube)
and present numerical results for several important man-
ifolds.
We adapt our general theory in order to compare the
developed approach with alternative theoretical and ex-
perimental descriptions of nanoparticles. For this pur-
pose we reformulate the BPM in the continuous form
suitable for RS construction within the EKFG theory. To
show the potency and possible applications of our method
we start from comparing theoretical EKFG and DMM-
BPM spectra, and find an excellent agreement between
the results. Furthermore, we successfully fit the exper-
imental data on diamond18 and silicon23 powders. The
only adjustable parameter of our theory is the phonon
linewidth Γ.
Then we turn to the problem how the particle shape af-
fects the Raman scattering. We study the RS of nine dif-
ferent (Platonic, Archimedian, spherical and elongated)
shapes of the particles. We found empirical parabolic de-
pendence of the main peak position on the inverse num-
ber of facets for Platonic and Archimedean solids and for
sphere. However, due to very broad phonon linewidth
observed experimentally24 the Raman spectra of these
particles acquire almost universal form, so in practice
the RS for various shaped nanoparticles collapse onto a
single curve.
We conclude that the deficit of information about the
particle shape provides the natural limitation for deter-
mining the particle size from the Raman scattering ex-
periment with accuracy ∼ 10%. Additional information
can be extracted from (presently unique) experiments on
transmission electron microscopy (TEM) imaging with
atomic planes resolution25 and exploiting general concept
of similarity between crystalline habitus of macroscopic
crystals and nanoparticles. On the other hand, for crude
rapid analysis of RS one can use the simplest analytically
solvable particle shapes such as cube or sphere.
At last, combining the information obtained by means
of DMM-BPM and EKFG approaches we obtain a scaling
of RS for particles of different size. We propose a simple
recipe how to construct the RS of arbitrary sized particles
from the spectrum of a particle of a given size. Using
this recipe we obtain powder RS from the single-particle
RS. This method is valid for arbitrary size distribution
function and does not require the recalculation of RS for
every particle size.
The rest of the paper is organized as follows. In Sec. II
we derive the EKFG equation for optical phonons. In
Sec. III we present the analytical solutions of this equa-
tion for two particular shapes of nanoparticles, namely
for cube and sphere. We also connect material constants
in EKFG equation and the constants of Keating model.
In Sec. IV we formulate the BPM in the continuous form.
We compare predictions of our theory with PCM and
DMM-BPM theoretical approaches and fit the most re-
cent experimental data in Sec. V. In Sec. VI we evaluate
numerically the RS for various Platonic and Archimedean
solids and for the sphere, and collapse them onto a single
curve. Sec. VII elucidates the role of the size distribu-
tion function in our calculations of powder RS. Finally,
in Sec. VIII we discuss obtained results and present the
summary.
II. KLEIN-FOCK-GORDON-LIKE EQUATION
In this Section we derive the effective continuous equa-
tion for optical phonons. Under certain approxima-
tions we decouple the finite-differences equations and ob-
tain the continuous ones describing acoustic and optical
branches of the spectrum. We generalize this approach
onto three dimensions and formulate the boundary value
problem with Dirichlet boundary conditions for optical
mode.
As the model system for nonpolar crystals (diamond,
silicon, etc.) we consider the linear chain which consists
of two atoms with equal masses and different rigidities
of intra- and inter- cell springs, k1 and k2, respectively.
The distance between the atoms within the unit cell is a
and between the atoms in neighboring unit cells is b, the
lattice parameter being a0 = a + b. The second Newton
law reads
mx¨j = −k1(xj − yj)− k2(xj − yj−1), (1)
my¨j = −k1(yj − xj)− k2(yj − xj+1). (2)
Introducing Fourier transform
xj = xqe
i(q(a+b)j−ωt), (3)
yj = yqe
i(q[(a+b)j+a]−ωt), (4)
3one can write dispersion relation in the form
ω4 − 2(k1 + k2)
m
ω2 +
2k1k2(1− cos qa0)
m2
= 0, (5)
which yields
ω2 =
k1 + k2
m
(
1±
√
1− 4k1k2
(k1 + k2)2
sin2
qa0
2
)
, (6)
where “+” corresponds to the optical branch and “−” to
the acoustic one. For longwavelength acoustic phonons
we have:
ω2ac ≈
k1k2
2m(k1 + k2)
q2a20, (7)
with the sound velocity given by
c = a0
√
k1k2
2m(k1 + k2)
. (8)
For the optical branch near the Brillouin zone center we
obtain
ω2opt ≈
2(k1 + k2)
m
− k1k2
2m(k1 + k2)
q2a20. (9)
It is easy to recognize that xq ≈ yq for acoustic phonons
whereas xq ≈ −yq for the optical ones. Bearing this in
mind we rewrite Eqs. (1) and (2) in the form:
m(x¨j + y¨j) = −k2(xj + yj) + k2(xj+1 + yj−1), (10)
m(x¨j − y¨j) = −2(k1 + k2)(xj − yj) + k2(yi−1 − yj)
−k2(xi+1 − xi). (11)
Now we introduce new (symmetrical and antisymmetri-
cal) displacements X = x+y and Y = x−y. In the long-
wavelength limit we can treat them as continuous func-
tions of coordinate z along the chain. Then Eqs. (10)
and (11) can be rewritten up to the second order in z
derivatives as follows
mX¨ = k2a0Y
′ +
k2a
2
0
2
X ′′, (12)
mY¨ = −2(k1 + k2)Y − k2a0X ′ − k2a
2
0
2
Y ′′, (13)
where ′ = ∂z. Neglecting slowly varying in time and
space terms, Y¨ and Y ′′ (remember that ∂z ∼ q  pi/a0
ant thus these terms are proportional to q2), for the gap-
less acoustic (ω ≈ cq √k1,2/m) branch Eq. (13) yields
Y ≈ − k2a0
2(k1 + k2)
X ′, (14)
and therefore
Y ′ = − k2a0
2(k1 + k2)
X ′′. (15)
Plugging Eq. (15) into Eq. (12) we obtain
X¨ =
k1k2a
2
0
2m(k1 + k2)
X ′′, (16)
which is the acoustic wave equation.
Similarly, for a gapped (ω ≈ √2(k1 + k2)/m) mode
from Eq. (12) one finds
X ′ = −k2a0
mω2
Y ′′ ≈ − k2a0
2(k1 + k2)
Y ′′, (17)
and we finally get the continuous equation for the optical
mode
Y¨ = −2(k1 + k2)
m
Y − k1k2a
2
0
2m(k1 + k2)
Y ′′. (18)
This equation has the form:
Y¨ + c2Y ′′ + ω20Y = 0, (19)
where ω20 = 2(k1 + k2)/m. It differs from Klein-Fock-
Gordon equation only by sign in front of the spatial
derivative. Thus, it can be referred to as the Klein-Fock-
Gordon equation in the Euclidean space (EKFG).
For finite systems, we should impose proper bound-
ary conditions. Suppose the chain begins with the first
unit cell, so that the system of equations (1) and (2)
starts from j = 1. Then for the boundary atom Eq. (1)
lacks −k2(x1 − y0) term, which requires x1 = y0 at the
boundary. For acoustic mode it gives ∂zX = 0 boundary
condition. For optical phonons y0 ≈ −x0, and the only
possibility to satisfy x1 = y0 is to impose Y = 0 at the
boundary.
Eq. (19) is easily generalized to higher dimensions,
and we finally write down the continuous boundary
value problem which describes the longwavelength op-
tical mode in nonpolar crystals:(
∂2t + C1∆ + C2
)
Y = 0, (20)
Y |∂Ω = 0,
where ∆ is the Laplace operator, C1 and C2 are some
constants, which can be expressed via microscopic pa-
rameters, or their values can be taken directly from ex-
periment. Eqs. (20) constitute the main result of this
Section. Below they will be used for solving the optical
phonon eigenproblem in nanoparticles.
We note, by passing, an interesting feature of the de-
scribed model:
ω2ac(q) + ω
2
opt(q) = ω
2
opt(0), (21)
stemming directly from Eq. (5). We calculate this rela-
tion for transverse acoustic and optical modes in diamond
using the experimental data of Ref.26. We found that this
“sum rule” holds in real material, see Fig. 1.
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FIG. 1. Comparison of experimental value of the quan-
tity (ω2ac(q) + ω
2
opt(q))
1/2 for TA and TO phonons with
momenta along the line Γ − X in the Brillouin zone ex-
tracted from the data of Ref.26 (see the inset) for bulk di-
amond (solid red curve) and its theoretically predicted value
(ω2ac(q) + ω
2
opt(q)
1/2 = ωopt(0) (dashed black curve).
III. EKFG APPROACH FOR OPTICAL
PHONONS IN NANOPARTICLES
The shape of particles depends on the material and
on the production method. Obviously, the Laplace-like
Eqs. (20) can be easily solved numerically on arbitrary
manifold. Now we briefly remind to the reader the an-
alytical solutions of these equations for two important
cases of sphere and cube.
For certain frequency ω Eq. (20) can be written as
follows
(ω2 − C2)Y − C1∆Y = 0, (22)
and the corresponding boundary value problem reads
∆Y + q2Y = 0, Y |∂Ω = 0. (23)
In infinite space it can be solved with plane waves
Y ∝ exp(iqr− iωt). The dispersion is given by
ω2 = C2 − C1q2. (24)
One can rewrite Eq. (24) at small momenta q as
ω(q) ≈
√
C2 − C1√
C2
q2
2
. (25)
This is the spectrum with the gap and the negative mass
parabolic term. One can relate the spectrum (25) orig-
inated from EKFG with well-known vibrational models.
E.g., within the framework of the Keating27–31 model
and in agreement with experimental data32–35 the dia-
mond optical phonon dispersion near the Brillouin zone
center can be approximated as:
ω(q) = A+B cos (qa0/2) ≈ A+B −Bq
2a20
8
, (26)
where a0 is the lattice parameter
36. In order to rely
Eq. (25) to this model we can use either {C1, C2} or
{A,B} set of parameters. For diamond we adopt the
same values of parameters as in Ref.16:
ω0 = A+B = 1333 cm
−1, (27)
B = 85 cm−1. (28)
For cubic nanoparticle with edge a one has an obvious
standing wave solution normalized to unity and satisfying
the boundary condition (23):
Yn =
√
8
a3
e−iωt sin
pin1x
a
sin
pin2y
a
sin
pin3z
a
. (29)
Here vector n = (n1, n2, n3) enumerates the eigenstates,
and the corresponding eigenvalues are
ωn = A+B −Bpi
2
8
a20
a2
(n21 + n
2
2 + n
2
3). (30)
This equation along with Eq. (29) will be used below in
our RS calculations.
For spherical nanoparticle with radius R Eq. (23) ob-
tains the form
1
r2
∂
∂r
r2
∂Y
∂r
− lˆ
2
r2
Y + q2Y = 0, (31)
where lˆ2 is the operator of the squared angular momen-
tum. This equation has the well-known spherical wave
solution:
Yn = Rql(qr)Ylm(θ, ϕ), (32)
where n = (n, l,m) and Ylm are the spherical functions,
Rql(x = qr) = jl(x) =
√
pi
2x
Jl+1/2(x), (33)
with Jl+1/2(x) being the Bessel functions. The boundary
condition requires Jl+1/2(qR) = 0, and the corresponding
phonon frequency is given by Eq. (24). The minimal
eigenvalue q2 corresponds to j0(qR) = sin(qR)/(qR) = 0
providing qR = pin. Optical phonon frequencies for the
most important spherically symmetrical modes (l = m =
0) are given by
ωn = A+B −Bpi
2
8
a20
R2
n2. (34)
Henceforth, the measure of the size for all the particles
of arbitrary shape will be the diameter of a sphere with
equal volume. For example, the size L of a cubic particle
with edge a is
L =
(
6
pi
)1/3
a. (35)
In order to verify our approach we compare the size
dependence of the maximal optical phonon frequency ob-
tained for nanodiamonds within the framework of EKFG
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FIG. 2. The shift of the maximal optical phonon frequency
from its bulk value ω0 as a function of size (see text) calcu-
lated using EKFG approach (lines) and obtained numerically
within the DMM (dots). Two shapes are considered, cubes
(black) and spheres (red). An excellent agreement between
analytical approach and numerics is reached for large enough
(& 1 nm) particles.
FIG. 3. Coinciding spatial structure of eigenfunctions (a)
Y(2,0,0) and (b) Y(1,1,0) of EKFG equation and the envelopes
for corresponding eigenfunctions of DMM approach for spheri-
cal 4 nm nanodiamond. The surfaces show simultaneously the
amplitudes of atomic displacement in the thin section passing
through its center for DMM and the curves show Yn(x, y, 0)
for EKFG.
theory and by means of numerical diagonalization of the
dynamical matrix, see Fig. 2. For particles larger than
1nm our continuous approach fits numerics excellently.
EKGF and DMM approaches yield similar results not
only for frequencies of optical phonons. Their similarity
goes further. This is illustrated in Fig. 3 where we de-
pict the coincidence of Y(2,0,0) and Y(1,1,0) eigenfunctions
obtained within the EKFG and the envelopes of corre-
sponding DMM eigenfunctions calculated both for 4 nm
spherical particles.
IV. CONTINUOUS BOND POLARIZATION
MODEL
In this Section we show how one can use the solu-
tions of the EKFG eigenproblem for the description of
nanoparticle Raman spectra. First, we reformulate the
bond polarization model for continuous case.
According to the BPM37–40, the Raman spectra of
nanoparticles and macromolecules can be calculated us-
ing the expression
Iη′η(ω) ∝ ωLω3S
3N∑
f=1
〈n(ωf )〉+ 1
ωf
Ifδ(ω − ωf ), (36)
where If = |η′αηβPαβ,f |2. In Eq. (36) ωL (ωS) and η (η′)
are the incident (scattered) light frequency and polariza-
tion unit vector, respectively, 〈n(ωf )〉 is the f -th phonon
mode occupation number, Pαβ,f are the polarization ten-
sors of these modes, α and β are the Cartesian coordi-
nates. Total nanoparticle polarization tensor is a sum
of polarization tensors of each bond in the nanoparticle:
Pαβ,f =
∑
b Pαβ,f (b), where b denote the bond index.
The quantities Pαβ,f (b) are linear in the displacements
of atoms forming the bond b and corresponding to the
phonon mode f . After the replacement of summation
over bonds b by the volume integration the single mode
Raman intensity becomes proportional to the quantity:
In =
∣∣∣∣ ∫ Yn dV ∣∣∣∣2 , (37)
the factor
∣∣∫ Yn dV ∣∣2 being the analogue of the structure
factor in other scattering problems. More precisely, it
is the partial structure factor for scattering by the n-th
mode.
Substituting Eq. (29) to Eq. (37) we obtain for cubic
particle
In =
83V
pi6
(
(n1 mod 2)(n2 mod 2)(n3 mod 2)
n1n2n3
)2
, (38)
where the symbol (ni mod 2) stands for the remainder of
the division of ni by 2, and V is the particle volume.
For spherical particles it is obvious from definition (37)
that the Raman intensity is nonzero only for eigenstates
6with l = m = 0. We should properly normalize the
eigenfunctions
b2
∫ R
0
r2
(
sin (pinr/R)
pinr/R
)2
dr = 1, b =
√
2pin
R3/2
. (39)
The intensity of these spherically symmetrical modes
reads
In =
6V
(pin)2
. (40)
Now we are ready to calculate the Raman spectrum of
a single particle:
IL(ω) ∝
∑
n
In
Γ/2
(ω − ωn)2 + Γ2/4 . (41)
Here, the summation runs over all the eigenmodes n with
corresponding Raman intensities In, L is the particle size,
Γ is the spectral line broadening, which consists of intrin-
sic phonon damping and spectrometer resolution. Be-
low this parameter is considered to be the same for any
phonon mode. The detailed study of intrinsic mecha-
nisms contributing to Γ is out of the scope of the present
paper.
It is easy to generalize Eq. (41) for powders with cer-
tain distribution function n(L):
I(ω) =
∑
L
IL(ω)n(L). (42)
V. COMPARISON WITH EXPERIMENT AND
OTHER THEORIES
In this Section we compare the developed EKFG the-
ory with theoretical DMM-BPM and PCM approaches
and apply them for interpreting the available experimen-
tal data.
Firstly, it is pertinent to remind the general struc-
ture of the Raman spectrum as it was obtained within
the DMM-BPM theory. The latter was successful in fit-
ting the experimental data of Refs.17–19. According to
Ref.16 the DMM-BPM spectrum consists of (i) three-
fold degenerate first main peak, (ii) the band of “Raman-
silent” modes (from the 4th to the 12th), (iii) quasicon-
tinuum (consisting of interleaving bands of silent and ac-
tive modes) beginning with the first band of about 10
dense active modes. The ratio of intensities (first band
from quasicontinuum / first main peak) is about 1/3,
whereas the contribution of the rest of the spectrum is
negligible.
We observe that the Raman spectrum given by EKFG
theory contains the single peak in place of the three-fold
degenerate peak of DMM-BPM (the difference originates
from scalar character of EKFG approach), the band of
silent modes and then the second peak (degenerate for
some shapes) in place of the Raman active band. The
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FIG. 4. Comparison of the RS obtained utilizing EKFG ap-
proach and DMM-BPM theory (both numerical and analyt-
ical) for 4.5 nm cubic particles, Γ = 10 cm−1. Grey vertical
line demonstrates the position of the bulk diamond peak.
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FIG. 5. Comparison of the RS obtained utilizing EKFG ap-
proach and DMM-BPM theory (both numerical and analyti-
cal) for 4.5 nm spherical particles, Γ = 10 cm−1. Grey vertical
line demonstrates the position of the bulk diamond peak.
ratio of intensities (second peak / first peak) in EKFG is
found to be almost the same as (first band / first peak)
of DMM-BPM. The rest of the EKFG spectrum gives the
minor contribution as well.
Furthermore, we observe that the first and the sec-
ond peaks of EKFG method broadened by experimen-
tally relevant big Γ’s become almost indistinguishable
from broadened first peak and first active band of the
DMM-BPM theory, respectively. Together with similar-
ity in eigenfunctions (see Fig. 3), it justifies the usage of
the EKFG theory.
In order to illustrate the above statements we com-
pare the predictions of these two theories. In Fig. 4 and
Fig. 5 we match the Raman spectra of cubic and spherical
4.5 nm particles predicted by EKFG theory with numer-
ical (exact) and analytical versions of DMM-BPM. We
report an excellent agreement between numerical DMM-
BPM and EKFG approaches.
As far as the accuracy of the analytical DMM-BPM is
concerned we report the good description of the shape
and the position of the main peak, whereas the ampli-
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FIG. 6. Fit of the experimental diamond powder Raman spec-
trum from Ref.18 (dots) within the EKFG approach (black
solid line) and within the PCM (blue dashed line). The dis-
tribution function is taken from Ref.18. The EKFG calcula-
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The Ager formulation of the PCM (see Ref.41) is used. Grey
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FIG. 7. Fit of the experimental silicon powder Raman spec-
trum from Ref.23 (dots) within the EKFG approach (black
solid line) and within the PCM (blue dashed line). The dis-
tribution function is taken from Ref.23. The EKFG calcula-
tions are performed for spherical particles and Γ ≈ 4.2 cm−1.
The Ager formulation of the PCM (see Ref.41) is used. Grey
vertical line denotes the position of the bulk silicon peak.
tude of the peak as well as the “left shoulder” related
to quasicontinuum reveals visible discrepancies varying
also with particle shape. We attribute these discrep-
ancies to the approximate character of the analytical
DMM-BPM, which uses a single shape-averaged density
of states. Therefore, it is not capable to describe the
shape-dependent details of the band.
We further proceed with analysis of recent experi-
ment on nanodiamond RS published in Ref.18. We fit
this experiment with the use of the distribution func-
tion reported in Ref.18 and the broadening line parameter
Γ ≈ 11.9 cm−1. The result of our fit is shown in Fig. 6.
Furthermore, in order to demonstrate that our approach
is applicable for other nonpolar crystals we analyze the
Raman spectrum of Si nanocrystallites experimentally
studied in Ref.23. We utilize the distribution function ob-
tained in Ref.23 by means of TEM. For our fit we accept
the textbook values of parameters23,42 A ≈ 499.5 cm−1
and B ≈ 21.1cm−1, and find Γ ≈ 4.2 cm−1. This fit as
well as PCM-based calculations are presented in Fig. 7.
We see that the EKFG curves excellently cover the
experimental data. This should be contrasted with the
PCM results. Thus, the PCM is able only to estimate the
particle size, providing for small particles the accuracy of
order of hundreds percents.
The above analysis manifests that the application of
EKFG theory for nanoparticle Raman spectra calcula-
tions: (i) is successful in fitting the available experimental
data, (ii) comparable in accuracy with numerical DMM-
BPM and has advantage over the analytical DMM-BPM
approach when particle shape is concerned, (iii) works
much better than the commonly used PCM.
VI. SHAPE INDUCED INDETERMINACY
EKFG theory provides the powerful tool for investi-
gation the Raman spectra dependence on the geometric
shape of nanoparticles, namely their faceting. This Sec-
tion is devoted to this topic. We demonstrate that on the
level of accuracy of data analysis presented here the ad-
ditional information about the particle shape extracted
from another type of experiment is desirable for the inter-
pretation. The lack of knowledge about the shape leads
to natural limitations in determining the particle size.
When considering the boundary value problem the
shape of the boundary evidently affects both the spec-
trum and the eigenfunctions of the problem. We inves-
tigate this phenomenon by solving the boundary value
problem given by Eqs. (20) for five Platonic solids and for
a sphere as the liming case of Platonic solid with infinitely
large number of faces n. Specifically (see Fig. 8), we con-
sider tetrahedron (n = 4), cube (n = 6), octahedron
(n = 8), dodecahedron (n = 12), icosahedron (n = 20)
and sphere (n = ∞). In order to study the shapes from
wider class we additionally treat two Archimedean solids,
namely truncated octahedron (n = 14) and truncated
icosahedron (n = 32). Furthermore, we address the prob-
lem how the elongation of a particle affects its Raman
spectrum by studying the particles in shapes of “prolate”
and “oblate” rectangular parallelepipeds (n = 6) with the
edge ratios (3:2:2) and (3:3:2), respectively. The size of
particles is chosen to be the same for all shapes.
We observe that the position of the main peak varies
with the shape of a particle. For Platonic solids it can
be described by simple empirical law:
∆ω(n)
L2
a20
≈ B
(
pi2
2
+
B1
n2
)
= 420
(
1 +
6.4
n2
)
cm−1,
(43)
where B1 = 31.6. The numbers in the equation above
are given for a diamond with B = 85cm−1. Obviously
the downshift ∆ω is connected with nanoparticles size L
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FIG. 8. Shapes of particles considered in the text. Platonic
and Archimedean solids are drawn by orange and green col-
ors, respectively, and the sphere is blue. The rectangular
parallelepiped (red) is an example of the elongated solid.
and decreases with increasing L.
Eq. (43) is closely related to the Rayleigh-Faber-Krahn
inequality43–46 stating that the first eigenvalue of the
problem (22) is smallest for a sphere as compared with
other manifolds with equivalent volume. With increasing
the facets number the high symmetry polyhedra tend to
sphere and we observe that the corresponding eigenvalues
monotonically decrease.
Importantly, equation (43) allows the immediate de-
termination of typical nanoparticle size L in the powder
from the Raman peak downshift ∆ with respect to the
bulk, cf. with Eqs. (3) and (7) from Ref.16 and Fig. 1
from Ref.16. See also the discussion after Eq. (12) in
Ref.47.
This dependence is illustrated in Fig.9, We also observe
that the Archimedean solids nearly belong to the same
curve, the truncated octahedron slightly differs from it
and the shift is a bit larger then for dodecahedron. We
speculate that Eq. (43) is approximately valid for a wider
than Platonic class of solids. In fact, what is essential is
the nearly equal size of a particle along all three spatial
dimensions. On the contrary, for elongated particles we
observe the drastic deviations from the empirical curve
Eq. (43) (see Fig. 9). Therefore, the elongated particles
should be analyzed separately from the highly symmet-
rical ones.
In Fig. 10 we plot the RS for all the above shapes of
particles, except for the elongated ones and the truncated
icosahedron, the latter being indistinguishable from the
sphere. We normalize the curves and centered them at
their maxima. Although the fine structure of spectra is
different for various shapes (as it is seen from Fig. 10
with Γ = 1 cm−1), we observe that for realistic value
ΔωL2
/a 02 ,
cm
-1
* *
◆◆
●
●●●●●
0.00 0.05 0.10 0.15 0.20 0.25
400
450
500
550
600
650
700
1/n
FIG. 9. Main peak shift as a function of number of faces.
Black dots stand for sphere and five Platonic solids. The
curve is plotted using the simple “1/n2” law (Eq. (43)), which
nearly holds also for two Archimedean solids (red stars), but is
violated for rectangular parallelepipeds (blue diamonds). One
can see that the groundless choice of the shape can result in
size error up to 18% (see the text).
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FIG. 10. Raman spectra for 5 nm diamond particles with
different shapes. All the curves are normalized and centered
at their maxima (in reality all the maxima differ and lie within
the interval ∼ 1 cm−1). At small Γ = 1 cm−1 (dashed lines)
there is some difference in the fine structure of the RS but not
of the main peak. In contrast, at Γ = 12 cm−1 (solid lines)
all the curves collapses and obtain almost universal form, the
minor differences appearing on the left shoulder are due to
higher harmonics.
Γ = 12 cm−1 the curves generally collapse within the
“main peak approximation” (some features appear only
on the left shoulder).
Therefore, we conclude that the ambiguity in particle
shape creates the natural indeterminacy in particle size
as it is obtained from the Raman spectrum. It is also
seen from Eq. (43). For instance, with no preliminary
information about the shape and without an analysis of
the shoulder features the value of the particle size ex-
tracted from the RS under the assumption that it is a
tetrahedron or it is a cube will differ from the case of a
sphere by 18% or 9 %, respectively. Nevertheless, it is
9still much better than the PCM can provide.
VII. RAMAN SPECTRA OF POWDERS
In this Section we propose a simple recipe how to cal-
culate the Raman spectrum of a powder with arbitrary
size distribution function g(L) starting from the Raman
spectrum of a single particle of size L and utilizing the
∆ω(L) dependence, see Fig. 2 (cf. Fig. 1 of Ref.16).
As it was mentioned before, the main computational
difficulty of the numerical DMM-BPM is the cumbersome
procedure of 3N × 3N dynamical matrix diagonalization
for nanoparticles larger than 5 nm. Thus, the problem
is getting almost unsolvable for powders containing large
particles, where the dynamical matrix should be diago-
nalized for each particle size independently. In contrast,
the EKFG theory makes the analysis of the powder RS
simple and straightforward for any nanoparticles size and
their peculiar distribution. This stems from the fact that
the eigenvalues of the boundary value problem (23) obey
the scaling law
q2(L1) =
(
L2
L1
)2
q2(L2), (44)
where L1,2 are two different particle sizes. Thus, the de-
viation from the bulk phonon frequency at the Brillouin
zone center ω0 is proportional to 1/L
2 for every optical
phonon mode near the Brillouin zone center. As far as
the longwavelength phonons provide the main contribu-
tion to the spectrum the scaling law (44) obtained within
the EKFG can be used for rescaling the eigenfrequencies
of the numerical DMM-BPM almost everywhere, except
for the smallest particles (cf. Fig. 1 of Ref.16).
Thus, we arrive to the following recipe. For powders,
we may diagonalize only one dynamical matrix for certain
particle size L (e.g., the most probable size of the distri-
bution). Contributions to RS stemming from other sizes
can be obtained by replicating the latter with the use of
Eq. (44), the corresponding Raman intensities should be
rescaled as
If (L1) =
(
L1
L2
)3
If (L2), (45)
cf. Eqs. (38) and (40). Here f enumerates the phonon
modes. This scaling procedure allows to calculate the
powder RS for large particles and broad distribution
functions when the multiple diagonalizations of dynami-
cal matrices become challenging.
The result of the standard numerical DMM-BPM cal-
culations (cubic particles and no simplifications) for the
Gaussian size distribution function
g(L) =
1
2piσ
exp
[−(L− L0)2/2σ2] (46)
in comparison with the EKFG Raman spectrum smeared
out with the use of the aforementioned procedure is pre-
sented in Fig. 11, where L0 = 3 nm and σ = 0.33 nm
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FIG. 11. Comparison of the EKFG (solid black curve) and
the numerical DMM-BPM (dashed red curve) Raman spectra
of a powder, the size distribution is given by Eq. (46) with
L0 = 3 nm and σ = 0.33 nm. The Raman intensities of spec-
tral lines for all particles belonging to distribution (46) are
drawn in blue color. The gray line stands for the central peak
of the distribution. Notice the downshift of curves maxima as
compared to the central peak.
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FIG. 12. Comparison of the standard (solid blue curve) and
rescaled single-particle (dashed red curve) DMM-BPM pow-
der Raman spectra, Γ = 1 cm−1. Inset shows the distribution
function (46) taking into account the lattice induced step-like
features. Blue vertical lines describe the positions of highest
phonon modes contributing to the Raman peak.
are taken for both curves. We observe a very good con-
cordance between these two approaches. The linewidth
in Fig. 11 is Γ = 10 cm−1 for both peaks, and the blue
lines stand for spectral intensities of all the peaks of dif-
ferent particle sizes L described by the distribution func-
tion (46). In reality the latter contains step-like contri-
butions stemming from discrete lattice structure. No-
tice that the maxima of both broadened curves lie at
frequencies lower than the central peak of unbroadened
spectrum, while naively one could expect that they coin-
cide. This shift ∼ 10% is due to admixture of the Raman
active band to the main peak. Hence, analyzing only
the main peak position provides an additional error in
data interpretation. It is of the same order as the shape
indeterminacy discussed in previous Section.
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Rescaling can be also performed to derive the spectrum
IL2(ω) of a particle with size L2 from the theoretical
spectrum IL1(ω) for a particle with size L1 by means of
a formula
IL2(ω) =
(
L2
L1
)3
· IL1
(
ω0 − (ω0 − ω)
(
L2
L1
)2)
, (47)
As an initial IL1(ω) one can use the data given in Fig. 10
or in Fig. 5 in Ref.16. The applicability conditions are
small Γ in the original spectrum and narrow size distri-
bution of the powder.
In Fig. 12 we present the powder Raman spectrum of
cubic particles distributed in line with Eq. (46) and cal-
culated within the framework of the standard numerical
DMM-BPM scheme in comparison with the smeared out
according to the rescaling recipe single-particle DMM-
BPM spectrum. The broadening parameter Γ = 1 cm−1
is chosen unphysically small in order to demonstrate the
features caused by discrete character of the distribution
function.
Thus, in this Section we proposed the simple “rescal-
ing” method to calculate the powder Raman spectra.
VIII. DISCUSSION AND CONCLUSIONS
Motivated by poor capability of the conventional
phonon confinement model to describe the Raman spec-
tra of very small particles we developed the effective con-
tinuous theory of confined optical phonons in terms of the
Dirichlet boundary value problem for Klein-Fock-Gordon
equation in Euclidean space. Being supplemented with
continuous version of the bond polarization model the
EKFG approach allows us to obtain the Raman spectra
of nanoparticles using the linewidth Γ as a single ad-
justable parameter of the theory.
Our approach developed in Sec. II could be regarded as
a simple continuous scalar version of elasticity theory ca-
pable to describe both acoustic and optical waves. In its
present formulation EKFG approach is completely suf-
ficient for explaining the nanoparticles Raman spectra
with high accuracy. It would be extremely interesting
to develop the anisotropic version of this theory for ten-
sor X and Y fields (see Eqs. (12) and (13)) allowing to
naturally introduce the notion of polarization for optical
phonons.
We undertook the comparative analysis of two recent
experiments on Raman scattering in diamond18 and sili-
con23 powders with precisely measured nanoparticles size
distributions using PCM and EKFG approaches in at-
tempt to fit the data. We observe that for such small
nanocrystallites the PCM yields an error of the order of
100%. On the contrary, the EKFG theory excellently de-
scribes the experiments. Moreover, the Raman spectra
calculated within the EKFG approach are indistinguish-
able from those obtained with the use of the microscopic
numerical DMM-BPM. As far as the analytical DMM-
BPM is concerned the EKFG spectra looks better due
to certain simplifications of the former, where in partic-
ular the unified shape-independent density of states is
utilized.
Now let us discuss the ranges of employment for all
three theories (PCM, DMM-BPM and EKFG) at hands.
For particle sizes L & 10 nm the DMM-BPM calculations
are cumbersome, PCM works reasonably good and we
can use either the EKFG or analytical DMM-BPM or the
PCM depending on our choice. For 10 nm & L & 5 nm
the DMM-BPM method is still tedious, whereas the PCM
becomes inaccurate, so the best options are the EKFG or
analytical DMM-BPM approaches. For smallest particles
5 nm & L & 1 nm the microscopic DMM-BPM calcula-
tions may be performed during reasonable machine time.
In most complicated cases they can be accompanied by
the express EKFG analysis. Still, the PCM is out of the
game.
EKFG and DMM-BPM both provide the description
of the same optical phonon size quantization effect in
nanoparticles, first being the continuous model and sec-
ond being the discrete one. Therefore they give similar
results and both are more preferable than the PCM when
interpreting the experimental data.
Also, our research reveals specific particle shape depen-
dence of the Raman spectra. Therefore, the additional
information about this shape from other types of exper-
iment is highly desirable. Otherwise, the lack of this
knowledge imposes a limitation on the accuracy of size
determining from Raman experiment at the level ∼ 10%.
At last, the analysis of scaling properties of the contin-
uous EKFG model allows us to formulate the theoretical
method of constructing the Raman spectrum of a powder
from the single-particle Raman spectrum and size distri-
bution function without spectrum calculations for each
size. Rigorously, the distribution function in EKFG is
continuous; however, it might be useful to utilize the real-
istic discrete distribution function appropriate for DMM-
BPM.
Throughout this paper as well as in our previous
study16 we treated the Raman spectra appealing mostly
to the main peak peculiarities. On the other hand, our
analysis of shape-dependent properties and powder spec-
tra manifests the importance of the left shoulder features,
which are evidently associated with the second line in
EKFG and/or with the beginning of the quasicontinuum
in DMM-BPM. Although the weight of the second peak
is several times smaller than the first one, it turns out
that it is more affected by the shape. This opens up the
problem of the lineshape in Raman spectra. Along with
intrinsic broadening of the spectral line this topics are of
further interest48.
We summarize the results of this by presenting the
step-by-step recipe how to calculate the Raman spectra
of nanoparticles or their powders:
1. Choose the geometric shape of particles; solve the
eigenproblem Eq.(23) and find the set of eigenfunc-
tions Yn. Eigenfunctions for sphere are given by Eq.
(32) and for cube by Eq. (29).
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2. For each mode n calculate its frequency ωn using
Eq. (26) (see Eq. (34) for sphere and Eq. (30) for
cube).
3. For each mode n calculate the Raman intensity us-
ing Eq. (37) (see Eq. (40) and Eq. (38)).
4. Perform the rescaling for other sizes using Eqs. (44)
and (45). Or perform steps 2 and 3 for all sizes.
5. Calculate the spectra for particles of all sizes with
Eq. (41).
6. Account for the size distribution function using
Eq. (42) and obtain a spectrum of a powder.
In conclusion, we propose the novel method to calcu-
late the Raman spectra of nonpolar nanoparticles. We
formulate the continuous boundary value problem for
Klein-Fock-Gordon equation in Euclidean space with the
Dirichlet boundary conditions. We rewrite the bond po-
larization model in the continuous form and calculate the
nanoparticle Raman spectra. Our model is shown to fit
the recent experimental data excellently. The correspon-
dence of this model with the DMM-BPM approach as
well as the failure of the PCM are demonstrated. The
role of the particle shape is investigated and the limita-
tions on the accuracy of the method are discussed. The
simple recipe to construct the Raman spectra of powders
is proposed.
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